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\^ • Abstract: A general approach to the well-behaved unbounded *-representations of a *- 

CN ! algebra X is proposed. Let i3 be a normed *-algebra equipped with a left action o of X 

r— i! on B such that {x'>a)^b = a~^{x~^'>b) for a,b & B and x G A". Then the pair {X, B) is called 

I a compatible pair. For any continuous non-degenerate ^-representation p of B there exists 

O ' a closed *-representation p' of X such that p'{x)p{b) = p{xt>b), where x & X and b E B. 

r-| . The *-representations p' are called the well-behaved *-representations associated with the 

. compatible pair {X , B). A number of examples are developed in detail. 

, 0. Introduction 

\ Unbounded representations of general *-algebras in Hilbert space occur in various branches 

^ ■ of mathematics and mathematical physics such as representation theory of Lie algebras, 

^ ■ algebraic quantum field theory, the theory of quantum groups and quantum algebras. One 

^ . of the natural questions is to ask for a description or classification of all ^-representations 

! of the corresponding *-algebra. But it turns out that this is not a well-posed problem 

^ \ for general *-algebras. In order to explain this, let X be the *-algebra C[x,?/] of all 

O ' polynomials in two commuting hermitean indeterminants x and y or the *-algebra A{p, x) 

^ ■ of two hermitean generators p and x satisfying the Heisenberg commutation relation 

d ' px — xp = —i. In both cases it seems to be impossible to classify in a reasonable way all 

^ ! *-representations of X even if we assume that the images of the generators x, y resp. p, x 

j> I are essentially self-adjoint (see, for instance, [SI] Chapter 9, and [S2]). The large variety of 

such *-representations of the *-algebra C[x,y] is illustrated by the following result ([SI], 
Theorem 9.4.1): For any properly infinite von Neumann algebra A/" on a separable Hilbert 
space there exists a *-representation p of the polynomial algebra C[a;,?/] such that the 
operators p{x) and p{y) are essentially self-adjoint and the spectral projections of these 
operators generate the von Neumann algebra A/". 

In most situations it suffices to know some class of "nice" *-representations of the 
*-algebra which is characterized by means of additional requirements in order to exclude 
pathological behaviour of operators. In what follows we shall call these *-representations 
well-behaved. In earlier papers (see [SI], Chapters 9 and 10, and [S3]) we have called them 
integrable representations because of the commonly used terminology in representation 
theory of Lie algebras. For the *-algebras C[x,y] and A{p,x) it is easy to guess how 
to define well-behaved *-representations. A ^-representation p of C[x,?/] is called well- 
behaved if p is self-adjoint (see [PI], [P2] or [SI] for this notion) and if p{x) and p{y) 
are essentially self-adjoint operators such that their spectral projections commute. In 
the case X = A{p, q) the latter condition should be replaced by the requirement that 
P := p{p) and X := p{y) are self-adjoint operators satisfying the Weyl relation e**^e*'^"^ = 

istAsX „itP 



X 
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Many papers of the mathematical physics hterature deaUng with unbounded *-representations 
claim to determine all *-representations of the *-algcbra. However, a closer look at the 
proofs shows that often hidden additional assumptions are used and that only a particular 
class of well-behaved *-representations is investigated. For instance, for *-algebras related 
to the canonical commutation relations or for gr-oscillator algebras it often required that 
a vacuum vector exists or that certain operators have a complete set of eigenvectors. 

There is no general method to select the well-behaved *-representations of a given 
*-algebra. Also it is important to stress that the choice of well-behaved ^-representations 
may depend on the aim of considerations. The examples developed in Section 4 show 
that for the same *-algebra there are various natural candidates for the definition of well- 
behavedness. The additional conditions selecting well-behaved *-representations depend, 
generally speaking, on the underlying *-algebra. 

In this paper we propose a general approach to the study of well-behaved * -represent at ions. 
The idea is easily explained as follows: Let A' be a *-algebra and let B he a. normed *- 
algebra equipped with a left action, written xt>b, of A" on B satisfying the compatibility 
condition {x>a)'^b — a"'"(x+>6) for a,b E B and x E X. We shall call such a pair {X, B) a 
compatible pair. Then, for any continuous non-degenerate *-representation p of the normed 
*-algebra B there exists a closed *-representation p' of X such that p'{x)p{b) = p{xt>b), 
where x E X and b E B. The ^-representations p' of X obtained in this way are called the 
well-behaved *-representations of X associated with the compatible pair {X,B). 

The main purpose of this paper is to develop a number of important examples and 
show that they fit into this context. In Section 2 we discuss some compatible pairs {X, B) 
for the polynomial algebra X = C[xi, . . .,a;„]. In Section 3 we treat that the G-integrable 
representations of the enveloping algebra £{q) of the Lie algebrag of a Lie group G. Here B 
is the *-algebra C^{G) with convolution multiplication. In Section 4 we study various *- 
compatible pairs {X, B) by using the Weyl calculus of pseudodifferential operators. Among 
others, various classes of well-behaved *-representations of the coordinate *-algebra X — 
(9(]R^) of the real quantum plane are considered in this approach. In Section 5 we consider 
the quantum group SUq{l, 1). The paper closes with a short outlook in Section 6. 

Let us collect some definitions and facts on unbounded operator algebras and unbounded 
*-representations used in what foUws. More details can be found in the monograph [SI]; 
see also [In] or [PI]. 

Let P be a dense hnear subspace of a Hilbert space H. Then the vector space 

jC+(V) = {x e End P : P C V(x*),x*V C V} 

is a unital *-algebra with operator product as multiplication and the restriction x~^ :— 
x*iT> to T> of the adjoint operator x* to T> as involution. The set B(P) of all bounded 
operator b onTi such that bTi C V and 6*7i C P is obviously a *-algebra. An 0*-algebra 
on the domainn D is a *-subalgebra of C^{V) which contains the identity map of V. By 
a ^-representation of an abstract *-algebra A (without unit in general) on a domain T> we 
mean a *-homomorphism p of .4. into the *-algebra The *-representation p of A 

is said to be closed if T> is the intersection of all domains T>{p{a)), a E A, where the bar 
refers to the closure of the operator p(a). The representation p is called non-degenerate if 
piAjV is dense in the underlying Hilbert space 7i. If A is a normed *-algebra (that is, A 
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is equipped with a submultiplicative ^-invariant norm || ■ ||), then a *-representation p is 
called continuous if all operators are p(a), a G A, are bounded and there exist a positive 
constant C such that || p{a) ||< C || a || for all a G A, where || p{a) || denotes the the 
operator norm of p{a). 

1. Compatible Pairs 

Let A" be a *-algebra with unit element 1 and let i3 be a *-algebra (without unit in 
general). The involutions of X and B are denoted by x — and b ^ , respectively. 
Suppose that the vector space i3 is a left Af-module with left action denoted by >, that 
is, there exists a linear mapping cf) : X ® B ^ written as (f){x ®b)= xt>b, such that 
{xy)t>b = x^lyob) and l>b = b foi x,y & X and b E B. 

Proposition 1. Suppose that the left action of the *-algehra X on the *-algehra satisfies 
the condition 

{xi>a)^b = a^{x^t>b) for all x E X and a,b E B. (1) 

Then, for any non- degenerate * -representation p of the *-algebra B there exists a unique 
* -representation p of the *-algebra X on the domain V^p) = p{B)V{p) such that 

p{x){p{b)ip) = p{x>b)ip, X e X,b e B,ip e V{p). (2) 

Let p' denote the closure of the * -representation p. Proof. Let C, = ^^"^ V = 

J2j Pi^j)'^j tie vectors of the domain T>{p), where Oibj G B and (pi,ipj G 'P(p). Let x E X. 
Using condition (|I]) and the assumption that p is a ^-representation of the *-algebra B we 
compute 

^,p{x>ai)(pi,ri^ = (^^,p{x>a.i)(pi,^n{bj)ijj'j = p{{x>aiybj)^j) 

(3) 

First we shall use relation @ in order to show that equation (j^) defines unambignoulsy 
a linear operator p{x) on the domain T>{p). In order to do so, it suffices to check that 
C = ^iP{ai)^i = implies that J2i Pi^'^(^i)fi = 0- Indeed, if C = 0, then it follows 
from (2) that (^ip{x>ai)LpiX) = for all rj G T>{p). Since p is non-degenerate, V^p) is 
dense in the underlying Hilbert space and so Ylii Pi.^^'^dVi = 0- Hence the operator p(x) 
is well-defined. 

From the properties of a left action if follows at once that p is an algebra homomorphism 
of X into the linear operators acting on the domain 'D{p) and leaving 'D{p) invariant. 
In order to prove that p preserves the involution, we combine equations (0) and (^) 
and conclude that {p{x)(,ri) = {(,p{x^)ri) for all C,ri E Vi^p). Thus, p is indeed a *- 
representation of the >K-algebra X on the domain 'D{p). □ 

Definition 2. A compatible pair is a pair {X, B) of a unital *-algebra X and a normed 
*-algebra B equipped with a left action oi X on B satisfying condition (|T]). 



Our guiding example of a compatible pair is the following 

Example 3: Let X be an 0*-algebra on a dense domain P of a Hilbert space and let 
i3 be a *-subalgebra of B('D) such that xb & B for all x & X and x E B. We equipp the 
*-algebra B with the operator norm. Then there is a left action > of A* on i3 defined by 
the operator product, that is, x>h :— bx, x E X,b & B. It is not difficult to show that 
{xb)~^a = fc+x+a for a,b E B and x & X. Hence {X, B) is a compatible pair. We call such 
a pair (X.B) a compatible O* -pair on the domain V. In particular, [C^ (T>) ,M(T>)) is a 
compatible 0*-pair, because xb G M{V) for x G C^{T>) and b G M{T>). 

Now let {X ^ B) be a compatible pair and let p be a continuous *-representation of the 
normed *-algebra i3 on a Hilbert space Ti. Then it is clear that p{X) is an 0*-algebra on 
the domain V = p{B)T-L such that {p{X),p{B)) is a compatible 0*-pair on the domain 
T>. That is, any continuous *-representation p oiB gives raise to a homomorphism of the 
(abstract) compatible pair {X,B) to the compatible 0*-pair {p{X),p{B)). 

Remcirk. Let B(X') be the completion of the normed *-algebra (B('D), || • ||). Obviously, 

the closure of the finite rank operators in B('D) is the >K-algebra C(7i) of compact operators 
on H.. Thus C{l-L) is contained in the C*-algebra M{V). We call the quotient C*-algebra 

c*{v) ■.^B{v)/c{n) 

the C*- algebra associated with the domain V. It carries important information about the 
infinite dimensional closed subspaces of Ti. contained in V. As a sample, we mention the 
following result which is stated here without proof: 

Suppose that P is a commutatively dominated Prechet domain (see [SI], p. 108, for the 

definition). Then the domain V contains an infinite dimensional (Hosed linear subspace of 
n if and only if C*{V) is non-trivial, that is, C*{V) ^ {0}. 

2. Well-behaved Representations of the Polynomial Algebra C[a;i, . . 

In this section X denotes the *-algebra C[a;i, . . ., a;„] of all polynomials with complex 
coefficients in n commuting hermitean indetcrminants Xi, . . .,a:„. 

Example 4: Let M be a closed subset of W and let Bi be the >K-algebra Co(M") of all 
compactly supported continuous functions on M" with pointwise multiplication {fg) (t) = 
f{t)g{t) and involution f~^{t) = f(t). Let || / || be the supremum of the function \f{t)\ 
over M. It is obvious that the multiplication 

(p>/)(tl, ...,tn)= p{t,, . . ., tn)f{t,, ...,tn), peXJ eBi (4) 

defines a left action of X on Bi such that {X, Bi) is a compatible pair. 

Now let p be a non-degenerate continuous *-representation of Bi on a Hilbert space 
H. It is well-known that there exists a spectral measure E{X), A G R", on 7i supported in 
M such that p{f) = J f{X)dE{X)Je Bi. Then 

/ AiciE(A),...,A, := / KdE{\) 
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are self-adjoint operators with commuting spectral projections and 

P'{x,)p{f) = pM) = [ X,f{X)dE{X) = [ X,dE{X) [ f{X)dE{X) = A,p{f) 



for j = 1, . . .,n. Conversely, any spectral measure on 7i with support contained in M 
gives a ^-representation p' as above. 

We now specialize to the case where M = M". It is obvious that the operator p'{p) 
is essentially self-adjoint on p{Bi)T-C for any p = p'^ e X. Therefore, the *-representation 
p' (which is by definition the closure of its restriction to p(i3i)7i is integrable in the 
sense of [S], Chapter 9 (see Theorem 9.12). Conversely, any integrable *-representation 
of X = C[xi, . . .,Xn] is of this form. Thus, the *-representations p' associated with the 
compatible pair {X,Bi) for M = are precisely the integrable *-representations of the 
polynomial algebra C[xi, . . .,Xn]- 

Example 5. Suppose that K is a. fixed compact subset M". Let B2 = X = C[xi, . . 
equipped with the supremum norm over the compact set K. With the left action (^) of 
X on B2, {X, B) is a compatible pair. 

Let p be a continuous ^-representation of B2 on a Hilbert space Ti. Since p is || ■ ||- 
continuous, p extends to a *-representation of the C*-algebra C{K). Hence there exists 
a spectral measure E an H supported on the set K such that p(p) = / p{X)dE{X) for 
p e B2- As in the preceding example, we obtain 



pf{p)= [ p{X)dE{X), peX. 



Thus, the ^-representations p' of X are precisely those bounded ^-representation of C[xi . . . , 
for which the joint spectrum of the self-adjoint operators p'(xi), . . .,p'{xn) is contained 
in the set K. Among others, this example shows that the class of * -represent at ions p' 
essentially depends on the choice of the norm || ■ ||. 

3. Integrable Representations of Enveloping Algebras 

Throughout this example, G is a finite dimensional real Lie group with left Haar measure 
pi and Lie algebra q and S{q) is the complex universal eneveloping algebra of q. 

The algebra S{q) is a *-algebra with involution determined by x"^ = —x for x E Q. Let 
X denote the *-algebra S{q). The vector space B = C^{G) is a *-algebra with respect to 
the convolution multiplication 



{a-b){g)= I aih)b{h-'g)d,Xh), a,beC^{G), (5) 

and the involution 
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a+ig) = mig)-'a{g-^), a E C^{G), (6) 

where m denotes the modular function of the Lie group G. Since m is a C°°-function 
on G (see [Wa]), a+ is again in C^{G). We equipp the *-algebra B with the *-invariant 
submultiplicative norm 

\a{g)\dpi{g). 

G 



All these facts are well-known and can be found, for instance, in [Na], §28. The completion 
of {B, II ■ II) is nothing but the Banach *-algebra L}{G). 

Now we define the left action of X on B. Let x —>■ denote the exponential map of g 
into G. Each element x of S{q) acts as a right-invariant differential operator x of G. For 
X E Q, the operator x is given by 



{xa){g) :-- 



dt 1 1=0 



(7) 



Using the formulas and (0) and the left invariance of the measure /i one easily verifies 
that 

i{a-b) = {S:a)-b, a,b e C^{G), (8) 

for X G 0. Since the map x — x of S{g) into the differential operators on G is an algebra 
homomorphism, is valid for all x G S{q). From the preceding we conclude at once that 

x>a := xa, a G C^{G), x G S{g), (9) 

defines a left action of the *-algebra X = S{q) on the *-algebra B = C^{G). 
Lemma 6. {X,B) is a compatible pair. 

Proof. Clearly, it suffices to verify the compatibility condition for elements x of the 
Lie algebra g. From the analysis on locally compact groups it is well-known (see [Na], p. 
376) that there is a right Haar measure fir on G such that 



dfii{g) = m{g)dfir{g), g e G. 
Using formulas (D , (D , (0) , (|) and (|10|) and 

{b^ix^>a)){g) = [ b^ih)iia){h-'g)dfii{h) 



(10) 



t=o 



t=0 



t=0 



m{hy^b{h-^)a{e-'''h-^g)diJi{h) 

b{h-^)a{e-'''h-^g)dfir{h) 

b{e'''k-^)a{k'^g)dfir{ke-''') 

b{e''^k-^)a{k-^g)d^r{k) 

{xb){k-^)a{k-^g)dfir{k) 

m(k^^ (xb){k~^ a(k~^ g)djj,i(k) 

{x>b)+{k)a{k-^g)dfii{k) 
{{x>by-a){g) 



for X E g,a,b E C^{G) and g E G. This proves that condition is satisfied. □ 

Next let us look at the corresponding ^-representations. In order to do so, we need to 
recall some facts on representation theory of Lie groups and Lie algebras which can be 
found in [SI], Chapter 10 or in [Wa]. Let U he a unitary representation of the Lie group 
G on a Hilbert space Ti, that is, g —>■ U{g) is a homomorphism of G into the group of 
unitaries of H such that the map g U{g)(p of G into H is continuous for each veactor 
(p E Ti. Then there exists a unique *-representation dU of the *-algebra S{q) on the 
domain 'D°°{U) of C°°-vectors for U. For x G 0, the operator dU{x) acts as 

dU{x)^ = -||^^^[/(e*-)^,^ e V^{U). (11) 

The linear span Vc{U) of vectors 

Ua^ := j a{g)U{g)ip dfii{g), a E C^{G),^ E H, 

is contained in the space V°°{U) of C°°-vectors. The vector space T>g{U) is called the 
Carding space of the unitary representation U. It was proved in [DM] that the Carding 
space VciU) is equal to V°°{U), but we shall not need this deep result here. For our 
purposes it is sufficient to know (see [SI], Corollary 10.1.16) that the Carding space is 
a core for all operators dU{x),xES{Q). This implies that the ^-representation dU on the 
domain 'D°°{U) is the closure of its restriction to Vg{U). 

Suppose now that p is a non-degenerate || ■ || -continuous *-representation of the *- 
algebra B on the Hilbert space H. Note that all operators p{x),x E B, are bounded and 
defined on the whole Hilbert space TC. Since S is || ■ ||-dense in L^{G) and p is || ■ ||- 
continuous, p extends by continuity to a non-degenerate ^-representation, denoted again 
by p, of the Banach *-algebra L}{G). It is well-known ([Na], S29, Theorem 1) that there 
exists a unique unitary representaiton U of the Lie group G on the Hilbert space Ti such 
that 

Ua = p{a),aEL\G). (12) 

Using formulas ([IT]), (^ and ((T^), we obtain that 

p'{x)Ua = p'{x)p{a) = p(x>a) = p{xa) = U^^a = dU{x)Ua (13) 

for X E £{q) and a E G^{G), where used the relation dU{x)Ua = U^a ([SI], Lemma 
10.1.12). Therefore, the ^-representation p' and dU oi X = £{q) coincide on the Carding 
space. Since p' and dU are both the closures of their restriction to p{B)Ti. = Vg{U), we 
conclude that p' = dU. 

Conversely, for any unitary representation U there exists a unique non-degenerate 
♦-representation p of L^{G) and so of i3 = C^{G) such that (p!2D holds. By the above 
reasoning, we then have p' = dU. 

Summarizing, we have shown that the *-representations of the *-algebra X derived 
from the pair {X, B) are precisely the G-integrable representations of the *-algebra £^(0) (in 
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the sense of [SI], Chapter 10). That is, the *-representations p' are the *-representations 
dU for unitary representations U of the Lie group G. 



4. Examples related to the Weyl Calculus 

The Weyl calculus of pseudo differential operators on can be used to construct further 
examples of compatible pairs. We restrict ourselves to the case n = 1 and refer to the 
books [Fo] and [St] (see also [GV]) for the notation and the facts on the Weyl calculus 
needed in what follows. 

Let V and Q be the self-adjoint operators and let Vr(s,t) be the unitary operator on 
the Hilbert space L^(]R) defined by 

To any measurable function a on such that its Fourier transform 

a,...)^//e-~«(M)«« (14) 
is in L^(R^), the Weyl calculus assigns an operator Op{a) on the Hilbert space L^(R) by 

Op{a) = d{s,t)W{s,t) dsdt. (15) 



The integral is defined as a Bochner integral because d G L^(M^). The adjoint operator 
Op{a)* and the operator product Op{a)Op{b) (at least for nicefiymbols a and b) are given 
by 

Op{a)* = Op{a+) and Op{a)Op{b) = Op{a#b), (16) 

where 



a^{x,y) := a{x,y), (17) 




a#6)(xi,X2) := / / / / a(Mi,M2)&(^i,^2)e^"'t("^-"^)("^-"^)-("i-"i^("='-"^)^c/MirfM2rft;irft;2. 



Because of the formulas (|1^) it is natural to expect that a vector space B of sufficiently 
nice functions becomes a *-algebra with involution ([17|) and product ( plSf ) provided that 
a G i3 and aj^b G B when a,b & B. An example of such a *-algebra is the Schwartz space 
iS(M^). Another example is obtained as follows: Let ^(M^) denote the vector space of all 
holomorphic functions / on such that for all Sj, Cj, dj G M, Cj < dj,j = 1, 2, we have 

oo oo 

sup J J |/(Xi+2?/i,X2+il/2)|^e*l''l+*2^^rfXiC?X2 < OO, 
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where the supremum is taken over the set {(^1,^/2) ^ '■ Cj < yj < dj,j = 1,2}. Then 
Bi := iS(M^) and B2 '■= v4(M^) are both *-algebras with product and involution defined 
by (p!8| ) and (p^, respectively. This was shown in [GV], Proposition 1, for Bi := 5(R^) 
and in [S4], Corollary 10, for B2 = A{R^). 

For a E Bj, j = 1,2, the operator Op{a) is bounded. From the formulas (|l^) it follows 
that the norm || ■ || on Bj defined by 

II a ||: = || Op{a) \\ 

is a submultiplicative and *-invariant. Therefore, Bi and B2 are normed *-algebras. 
Let Xi be the unital algebra with two generators p and x and defining relation 

px — xp = — il. 

Clearly, Xi is a *-algebra with involution determined by p+ = p and x+ = x. One easily 
checks that there is a left action of the algebra Xi on Bi = iS(M^) such that 

fid \ f 1 d \ 

p>a := I — — h 271X2 cb, xt>a := [ Xi — - — :— — a (19) 



2i dxi J ' \ Ani dx 

In terms of the operators Vj = and Qj = Xj on the Hilbert space L^(M^) the latter 

can be rewritten as 

p = TTpi + 27rQ2, X = Qi - ^V2. (20) 

Suppose that g is a complex number of modulus one. Let X2 be the coordinate *- 
algebra O(M^) of the real quantum plane. It is defined as follows (see, for instance, [FRT] 
or [KS]). As an algebra, 0{M.g) has two generators x and y with defining relation 

xy = gyx 

The involution is defined by the requirements x+ = x and = y. 

We write q = e^'^^^ with a fixed real number 7 and we take two real numbers a and j3 
such that af3 = 7. Then we define a left action of the algebra X2 on B2 = A{M.^) by 

(x>a)(a;i,X2) = e2™"^a(xi,X2 + za/2),(y>a)(a;i,S2) = e'"^"^a(xi-i/3/2,a;2). (21) 

Since x>{yt>a) = qyo{x>a) as easily verified, the latter gives a well-defined left action of X2 
on B2- The operator e'^'^'^^, c G M, acts on functions of its domain as 

(e'-^-^f) {x)=f{x-ci)- 

see Lemma 1.1 in [S3] for a precise statement. Using this fact, formula ( pi]) means that 

X = e2™2i ^ e-f P2 ^ y ^ ® e^-PQ' . (22) 



Lemma 7. {Xi,Bi) and {X2,B2) are compatible pairs. 



P 



Proof. It suffices to check (|T]) for the generators p, x and x, y, respectively. By (^), for 
the generators p and x condition (|l]) means that 

(Pia + 2Q2a)+#6 = a+#(Pi6 + 2Q2&), (2Qia - P2a)+#& = a+#(2Qi6 - V2b). 



Both relations are easily derived from the definition ( ]T^ ) of the twisted product 7^ using 
partial integration. Note that the corresponding boundary terms vanish because the 
functions a and b are in >S(M2). We omit the details. 

For the generators x and y of X2 formula (Q) says that 

Both identities follow at once from the formulas stated in [S4], Lemma 9, combined with 
the fact that (e^^^a)^ = e'^'^^a^ for c e M and a G ^(M^). □ 

Now we turn to *-representations. If /C is a Hilbert space, then it obvious from ( [TgD that 
the formula 

Po{a) = Op{a) (g)I, aeBj , (23) 
defines a continuous ^-representation of the normed *-algebra Bj on the Hilbert space 

Lemma 8. Any continuous * -representation of the normed *-algebra Bj,j = 1,2, is 
unitarily equivalent to a * -representation po- 

This assertion is probably well-known, but we could not find it explicitely in the literature. 
Thus we include a sketch of proof. 

Sketch of proof. Suppose that p is a continuous *-representation of the normed *-algebra 
Bj on a Hilbert space Q. Since p is a direct sum of cyclic *-representation, we can assume 
without loss of generality that p is cyclic. Let (/? G ^ be a cyclic vector for p. For a G Bj 

and s, if: G M, we set 

asfi{xi, X2) := e2"'^^a(a;i, X2-s/2), ao,t(xi, X2) := e^'''''^a{xi+t/2, X2). (24) 
Since a'^Q^^asfl = a^jj^a as easily computed, we have 



II Pi^sfi)^ f = {p{asfl)if,p{asfi)ip) = (p(a+o#a^,o)v5, V^) 

= (P(a^#a)<^, = {p{a)v,p{a)'^) =11 v{a)p f ■ 

Hence there is an isometric map U{s) of p{Bj)ip onto itself such that U{s)p{a)(p = 
p{asfi)(p,a G Bj. Obviously, f/(si+S2) = U{si)U{s2) for si,S2 G M and U{0) = I. 
Moreover, || a^^o ~~ as s ^ and hence U{s)ip ^ G for ip ^ Pi^j)f 

s — s> by the continuity of p. Since p{Bj)ip is dense in U{s) extends to a unitary 
operator on Q and s — U{s) is a strongly continuous one-parameter unitary group on Q. 



in 



Similarly, there is another strongly continuous one-parameter unitary group t V(t) on 
Q such that V(t)p{a)ip = p{aQ t)ip. From their definitions we immediately derive that the 
unitary groups U and V satisfy the Weyl relation 

V{t)U{s) = e'^^'''U{s)V{t),s,t e R. 

Therefore, by the Stone- von Neumann uniqueness theorem for the canonical commutation 
relation (see e.g. [Pu]), there exists a Hilbert space /C and a unitary map T of Q onto 
L2(M) ®/C such that 

T-'^U{s)T = W{s, 0) O /, T-^V{t)T = W{0, t) O / for s,teR. (25) 

Let us abbreviate W{s,t) := e~''*''*t/(s)\^(t) and p(a) := // a{s,t)W{s,t)dsdt, where 
a E Bj. Since 

W{s, t) = e"*'*iy(s, 0)W{0, t), s, t G M, (26) 
it follows from (|2|) that T-'^W{s, t)T = W{s, t) (g) / and hence 

T-^p{a)T = Op{a) ® / = po{a), a e Bj. (27) 
On the other hand from the definition of Op{a) one derives that 

W{s,0)Op{a) = Op{asfi) and W{0,t)Op{a) = Op{ao,t). 
By the defnition of W{s,0) = U{s) and W{0,t) = V{t), the latter implies that 

W{s,t)p{b)^ = p{0p~\W{s,t)0pm^ 

and so 

p{a)p{b)ip = p{Op-^(^(^ jj d{s,t)W{s,t)dsdt)Op{b)^^ip 

= p{0p-\0p{a)0pmv = p{0p-\0p{ai^h)))^ = p{a)p{h)^ 

for a, 6 G Bj. Since p{Bj)ip is dense in Q, we obtain p(a) = p(a). Thus, by ( P?] ) we have 
T~^p{a)T = po{a) which completes the proof of Lemma 8. □ 

Finally, let us describe the ^-representation p'^ of the *-algebra Xj derived from the *- 
representation po of Bj. First let j = 1. Since W{s,0) = e^^''^ and W{Q,t) = e^'^**^, it 
follows from (|2^) and ( pSj ) by differentation at s = and t = 0, respectively, that 



aOpia) = Op(x,a - ^^), VOp(a) = Op (1^ + 2™,.) 

Combining the latter with (^) we conclude that 

Po(x)po(a) = po(xoa) = Op{xt>a) (g) / = QOp{a) (g) / = (Q (S> /)po(a) 
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and similarly PQ{p)po{a) = {V ® I)po{a) for a G Si, so that 



PoM = Q ® / and p^(p) = V®I. 

That is, up to unitary equivalence the *-representations p'^ of Xi are precisely the orthogonal 
direct sums of the Schrodinger representation of the *-algebra Xi with domain S{M) on 
the Hilbert space L'^{R). 

Now let j = 2. From the formulas in [S4], Lemma 9, we then have 

e^-^QOp{a) = Op{x>a), e^^^^Op{a) = Op(y>a), (28) 

where xoa and are defined by ([2T|). From (EBf) and (0) we obtain 



This *-representation po appears (in a slighty different notation) in the work by M. Rieffel 
[R] on the quantum plane. 

We illustrate the preceding considerations by three other closely related examples. Let B^, 
be the normed *-algebra B2 ® B2 Q) B2 ® B2- There is a left action of X2 on B3 such that 

xi>(ai, 02, as, 04) = (xt>ai, xi>a2, — xi>a3, — x>a4), 
yt>(ai, 02, as, a^) = (y>ai, -yt>a2, y>a3, -y>a4) 



for 01,02,03,04 G B2, where x>o and y>o are defined by (12^). Obviously, {X2, B3) is a 
compatible pair. 

For arbitrary ei,e2 G {+,—}, there is a ^-representation p'^^^^ of A:'2 derived from a 
continuous *-representation Pei,e2 of such that 



p^,,,,(x) = eie^™^^ ® /, p^,,,,(y) = .26^-^^ ® /. 

It is easily seen that the *-representation p' of X2 associated with the pair (^2,^3) are 
precisely the orthogonal direct sums of some of ^-representations p'_^^, p\ _, p'__^_, p' . 

Finally, let B4 the *-algebra i32®M2(C) = M2(i32) equipped with the C*-matrix norm 
derived from the C*-norm of S2. We suppose now that a and (3 are real numbers such 
that 

a/3 = 7 + 1/2. (29) 
Then there exists a left action of the algebra X2 on B4 given by 



x> 



Oi O2 \ / Xt>Oi X>02 \ ( 0-1 0-2 \ I y^CtS Y^CLa 



where 



O3 04/ V — Xl>02 — X>04/ ' \03 04/ Vy^oi yi>02 



x>o := -e2™2i ® e-'^^^o, yce'^^^ ® e^'^^^^o. 



19. 



Note that the latter formula coincides with (P^), but now we have assumed aP = 7 + | 
rather than ajS = 7. Using the fact that {X21B2) is a compatible pair, a straightforward 
computation shows that {X2,B4) is also a compatible pair. 

For a Hilbert space Q, there is a continuous ^-representation po of ^4 on the Hilbert 
space L^{R) ^ ® G such that 

Po(a (g) m) = Op(a) (g) m (g) /, a G ^2, G M2(C). 

From Lemma 8 it follows immediately that any continuous ^-representation of B4 is 
unitarly equivalent to such a ^-representation po- Using the facts that 

Oj9(x>a) = e^^'^^Opia), Opiy^a) = e^^f^^Opia), 

we derive that the closures of the representation operator Po(x) and Po(y) are the self- 
adjoint operator matrices 

_/e2™s^j \ ^r^_f e2-/^^®A 



Finally, we consider a *-algebra and their representations in the above context which 
was used by S.L. Woronowicz in his approach to the quantum ax + 6-group [W2]. Let A3 
denote the *-algebra generated by three hermitean elements x, y, x and defining relations 

xy = qyx, xx = X^, yx = -XV, = 1 
Then there is a left action of X3 on the *-algebra 84^ = B2 ® M2(C) defined by 



x> 



ai a2\ _ fcLs cla 
as 04/ \ai a2 



where x>a and yoa are given by (p2D. It is not difficult to check that B4) is a compatible 
pair and that for the corresponding *-representation pg of we have 

f^2.aQ^j \ ^-^ _ /e^-/^^ ® / \ 

where a[3 = 7. 

5. Another Example: Quantum SUg{l, 1) Group 

Suppose that g is a real number such that q 7^ 0, 1, —1. Let X denote the coordinate 
*-algebra 0{SUq{l, 1)) of the quantum group SUq{l, 1) (see, for instance, [FRT], [KS] or 
[Wl]). That is, X is the *-algebra with two generators a and c and defining relations 

ac = qca, ac^ = qc^a, cc^ = c'^c, a'^a — c^c = 1, aa~^ — q^c^c = 1. 



Let B be the *-algebra generated by the *-algebra Co(C) of compactly supported continuous 
functions on the complex plane C with usual algebraic structure and a single generator 
V satisfying the relations {vf){z) = f{q~^z),f e Co(C),z G C, and vv~^ = v^v = 1. 
We consider B as *-subalgebra of bounded operators acting on the Hilbert space L^(C) 
equipped with the operator norm. 

Then there is a left action of A" on i3 defined by 



One easily checks that {X, B) is a compatible pair. 

Let p be a continuous *-representation of S on a Hilbert space Ti. It is not difficult 
to show that there exists a spectral measure E{z), 2 G C, and a unitary operator u onH 
satisfying uE[z)u~^ = E{qz),z G C, such that 



These are precisely the *-representations of the *-algebra X = 0{SUq{l, 1)) considered 
in [Wl], p. 79. 

6. Outlook 

In the preceding sections we have investigated a variety of examples of compatible pairs 
(A", B) and corresponding well-behaved *-representations. Here we add some remarks on 
these concepts and on possible modifications. 

1. First, let us emphasize that the above approach does not solve the problem of selecting 
the well-behaved *- representations of a given *-algebra. As mentioned in the introduction, 
this essentially depends on the specific structure of the *-algebra and on the aim of the 
considerations. The notion of a compatible pair is only a proposal of a general concept in 
order to treat appearently different examples in the same general context. 

2. For a compatible pair {X, B), let r denote the locally convex topology on B defined 
by the family of seminous Pxib) =\\ x>h ||, a; G A", 6 G S. In all above examples, B[t\ is 
a metrizable *-algebra with jointly continuous multiplication. Therefore, the completion 
B[t] of B[t\ is a Frechet *-algebra and the action of X on B extends by continuity to an 
action on B which also satisfies the compatibility condition (|T]). Thus, another possible 
approach might be to replace the (uncomplete) normed >K-algebra (S, || ■ ||) by the Frechet 
*- algebra B[t]. 

3. The reason why we have defined compatible pairs by means of condition ([^) is that 
it seems to be the weakest requirement on the left action > which ensures that a non- 
degenerate *-representation of B yields a well-defined *-representation of X by means of 
formula @. However, for compatible 0*-pairs (Example 3) and for all compatible pairs 



M){z) = y^l+W fir'^), icfKz) = zf{z), 





The operators p'{a) and p'(c) of the associated ^-representation p' of X act as 



p'(a) = a/I + (z)"^ u and p'{c) = z. 
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occuring in this paper we have much more structure: In all theses cases the *-algebras X 
and B are *-subalgebras of a larger *-algebra A and the left action xob is just the product 
x-b of the elements x E X and b E B in the algebra A. It is obvious that the *-algebra 
axioms imply that condition (|l|) is fulfilled. 

4. Let X he a. *-algebra with unit and let > be a left action of X on another *-algebra 
B. On the direct sum A := X (B B of vector spaces X and B we define a product 

(x + a){y + b) := xy + {y*i>a*)* + xangb + ab, x,y E X,a,b E B 

and an involution {x + a)* := x* + a* . With these structures, ^ is a *-algebra if and only 
if conditions ([l|) and 

(x>a)6 = xt>{ab) and (xi>(y>a)*)* = yo{xoa*y, x,y E X,a,b E B, 

are fulfilled. If this is true, then X and B are *-subalgebras of A and the left action t> of 
A* on ;B is the product in the algebra A. Such a *-algebra A has been essentially used as 
"function algebra" on the quantum quarter plane in [S4]. 

5. The elements x E X for a compatible pair(A', B) can be also considered as multipliers 
of the algebra B. 
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